Abstract. We introduce a new class of natural, explicitly defined, transversally elliptic differential operators over manifolds with compact group actions. Under certain assumptions, the symbols of these operators generate all the possible values of the equivariant index. We also show that the components of the representation-valued equivariant index coincide with those of an elliptic operator constructed from the original data.
Introduction
The representation-valued equivariant index of a transversally elliptic operator is an important invariant in K-theory (see [1] ). There are few known nontrivial examples in the literature where this invariant is explicitly computed. Part of the motivation of this paper is to provide an interesting and sufficiently general class of examples of transversally elliptic differential operators for which such computations are possible.
It is well-known that each compactly supported K-theory class of the cotangent bundle over an even-dimensional spin c manifold is represented by the symbol of a Dirac-type operator. This implies that Dirac-type symbols map onto the image of the K-theory index homomorphism. In this paper, we will generalize the second fact to the case of transversally elliptic operators over a compact manifold endowed with a compact Lie group action.
The role of the Dirac-type operators will be played by a new class of transversally elliptic differential operators introduced in this paper. To construct these operators, we lift the group action to a principal bundle so that all orbits in the principal bundle have the same dimension. There is a natural transversal Dirac operator associated to this action. This operator induces a transversally elliptic differential operator on the base manifold with the desired properties. In the case when all orbits have the same dimension, the orbits on the base manifold form a Riemannian foliation, and our construction produces a transversal Dirac operator as studied by [11] , [12] , [8] , [10] , [13] , [14] , and others. This new operator will generate all possible values of the representation-valued equivariant index. Further, we show that the decomposition of this equivariant index representation into irreducible components may be computed by means of equivariant indices of elliptic operators. Thus, the techniques of Atiyah and Segal [2] for elliptic operators become applicable to transversally elliptic operators as well.
Now we describe the content of the paper. Let M be a closed Riemannian manifold. Let Q ⊂ T M be a smooth distribution over M; we do not assume that Q or its normal bundle are involutive. Section 2 contains preliminary results about connections associated to restrictions of Clifford structures. In Section 3, we assume only that E → M is a Cl (Q)-bundle with corresponding compatible Clifford connection. Such a connection always exists if E is in addition a Cl (T M)-bundle; see Section 2. Using this Cl (Q) connection, we construct an operator D Q whose principal symbol σ (D Q ) (ξ x ) is invertible for all ξ x ∈ Q x \ {0} and prove that it is essentially self-adjoint. In the case of a Riemannian foliation with normal bundle Q, this construction produces the well-known self-adjoint version of the transversal Dirac operator (see [11] , [13] , etc.).
In Section 4, we assume that there is an isometric action of a compact Lie group G on M. The action of G lifts to the orthonormal frame bundle F O of M. Given an equivariant transversal Dirac operator on F O and irreducible representation of the orthogonal group, we show how to construct a transversally elliptic operator on M. Similarly, using the transversal Dirac operator and an irreducible representation of G, we construct an elliptic operator on F O G. The precise relationship between the eigenspaces of these two operators is stated in Proposition 4.4.
In Section 5, we study the equivariant index of the K-theory class of operators constructed in Section 4. To do this, we first derive a multiplicative property of the equivariant index on associated fiber bundles with compact fibers. This property, stated in Theorem 5.1, is a generalization of the multiplicative property of the index for sphere bundles shown by Atiyah and Singer in [3] . The main result of Section 5 is Theorem 5.2, in which we show that the symbols of the lifted transversal Dirac operators generate all the possible equivariant indices, if the F O is G-transversally spin c . In Section 6, we demonstrate our constructions of the lifted transversal Dirac operator and verify our results by explicit calculations on the two-sphere.
The reader may consult [1] for the basic properties of transversally elliptic equivariant operators and their equivariant indices. Interesting and relevant results also appear in [2] , [4] , [5] , [6] , [7] , [8] , and [17] .
Restrictions of Clifford structures
Let M be a closed Riemannian manifold with metric · , · , and let E be a Clifford bundle over M. Recall that a Clifford bundle E is a complex Hermitian vector bundle endowed with forms. The divergence of a general one-form β that is zero on L is
where H L is the mean curvature vector field of L. Thus, for every one-form β that is zero on L ,
Applying this result to the form ω defined above, we have
Thus, the formal adjoint A *
and the operator
is formally self-adjoint.
A quick look at [9] yields the following. It is not necessarily the case that the spectrum of D Q is discrete, as the following example shows.
Example 3.2. We consider the torus M = (R 2πZ) 2 with the metric e 2g(y) dx 2 + dy 2 for some 2π-periodic smooth function g. Consider the orthogonal distributions L = span {∂ y } and Q = span {∂ x }. Let E be the trivial complex line bundle over M, and let Cl (Q) and
The trivial connection ∇ E is a Cl (L) connection with respect to ∇ L and is also a Cl (Q) connection with respect to ∇ Q . Observe that the mean curvatures of these distributions are
A L = i∂ y , and
The spectrum σ (D L ) = Z is a set consisting of eigenvalues of infinite multiplicity, and thus σ (D L ) consists entirely of pure point spectrum. The eigenspace E n corresponding to the eigenvalue n is
On the other hand, the operator
has only one eigenvalue, 0, corresponding to the eigenspace
and the pure point spectrum of D Q is {0}. Example 3.3. Suppose a closed manifold M is endowed with a Riemannian foliation F such that the metric is bundlelike, meaning that the leaves are locally equidistant. If the orbits of a G-manifold have the same dimension, then they form a Riemannian foliation. In such foliations, there is a natural construction of transversal Dirac operators (see [8] , [11] , [15] ), which is a special case of the construction in this section. Choose a local adapted frame field {e 1 , ..., e n } for the tangent bundle of M , such that {e 1 , ..., e q } is a local basis of the normal bundle NF for the foliation and such that each e j is a basic vector field for 1 ≤ j ≤ q. The word basic means that the flows of those vector fields map leaves to leaves, and such a basis can be chosen near every point if and only if the foliation is Riemannian. Next, assume that we have a complex Hermitian vector bundle E → M that is a bundle of Cl (NF ) modules that is equivariant with respect to the G action, and let ∇ be the corresponding equivariant, metric, Clifford connection. We define the transversal Dirac operator by
as in the notation of this section. As before, the operator
is an essentially self-adjoint operator, where H is the mean curvature vector field of the orbits.
4. Equivariant operators on the frame bundle 4.1. Equivariant structure of the orthonormal frame bundle. Given a complete, connected G-manifold, the action of g ∈ G on M induces an action of dg on T M, which in turn induces an action of G on the principal
Lemma 4.1. The action of G on F O is regular, i.e. the isotropy subgroups corresponding to any two points of M are conjugate.
Proof. Let H be the isotropy subgroup of a frame f ∈ F O . Then H also fixes p (f ) ∈ M, and since H fixes the frame, its differentials fix the entire tangent space at p (f ). Since it fixes the tangent space, every element of H also fixes every frame in p −1 (p (f )); thus every frame in a given fiber must have the same isotropy subgroup. Since the elements of H map geodesics to geodesics and preserve distance, a neighborhood of p (f ) is fixed by H. Thus, H is a subgroup of the isotropy subgroup at each point of that neighborhood. Conversely, if an element of G fixes a neighborhood of a point x in M, then it fixes all frames in p −1 (x), and thus all frames in the fibers above that neighborhood. Since M is connected, we may conclude that every point of F O has the same isotropy subgroup H, and H is the subgroup of G that fixes every point of M. Remark 4.2. Since this subgroup H is normal, we often reduce the group G to the group G/H so that our action is effective, in which case the isotropy subgroups on F O are all trivial.
In any case, the G orbits on F O are diffeomorphic and form a Riemannian fiber bundle, in the natural metric on F O defined as follows. The Levi-Civita connection on M determines the horizontal subbundle H of T F O . We construct the local product metric on F O using a biinvariant fiber metric and the pullback of the metric on M to H; with this metric, F O is a compact Riemannian G × O (n)-manifold. The lifted G-action commutes with the O (n)-action. Let F denote the foliation of G-orbits on F O , and observe that
Let E → F O be a Hermitian vector bundle that is equivariant with respect to the G×O (n) action. Let ρ : G → U (V ρ ) and σ : O (n) → U (W σ ) be irreducible unitary representations. We define the bundle E σ → M by
where the superscript σ is defined for a O (n)-module Z by
where eval :
The space Z σ is the vector subspace of Z on which O (n) acts as a direct sum of representations of type σ. The bundle E σ is a Hermitian G-vector bundle of finite rank over M. The metric on E σ is chosen as follows. For any v x ,w x ∈ E σ x , we define
where dµ x is the measure on p −1 (x) induced from the metric on F O . See [8] for a similar construction.
Similarly, we define the bundle
and
where dm z is the measure on π −1 (z) induced from the metric on F O . The vector spaces of sections Γ (M, E σ ) and Γ (F O , E) σ can be identified via the isomorphism
where for any section
and we let
where dx is the Riemannian measure on M; we have used the fact that p is a Riemannian submersion. Similarly, we let
Similarly, let
Proof. Observe that i σ implements the isomorphism
where the superscript σ, ρ denotes restriction first to sections of O (n)-representation type [σ] and then to the subspace of sections of G-representation type [ρ] . Since the O (n) and G actions commute, we may do this in the other order, so that
where the isomorphism is the inverse of the restriction of j ρ to Γ (F O G, T ρ ) σ . Since i σ and j ρ are L 2 isometries, the result follows.
4.2. Dirac-type operators on the frame bundle. Let E → F O be a Hermitian vector bundle of Cl (NF ) modules that is equivariant with respect to the G × O (n) action. With notation as in Example 3.3, we have the transversal Dirac operator A N F defined by the composition
As explained previously, the operator
is a essentially self-adjoint G × O (n)-equivariant operator, where H is the mean curvature vector field of the G-orbits in F O . From D N F we now construct equivariant differential operators on M and F O G, as follows. We define the operators
For an irreducible representation α : 
Topological properties of the lifted Dirac operators
In this section, we will prove that if F O is G-transversally spin c , then the symbols of the lifted transversal Dirac operators generate all the possible equivariant indices. To show this, we generalize the standard multiplicative property of K-theory to the equivariant setting of our paper.
Equivariant Multiplicative Properties of K-theory.
Let H be a compact Lie group. Suppose that P is a principal H-bundle over a compact manifold M. Suppose that the compact Lie group G acts on M and lifts to P , such that the G-action on P commutes with the H-action. Let Z π → M be a fiber bundle associated to P with H-fiber Y ; that is,
For any v in the Lie algebra g of G, let v denote the fundamental vector field on M associated to v. As in [1] , let
and let T * G Z be defined similarly. Let K cpt,G (T * G M) denote the G-equivariant, compactly supported K-group of T * G M, which is isomorphic to the group of stable G-equivariant homotopy classes of transversally elliptic first-order symbols under direct sum. Likewise, K cpt,H (T * Y ) is isomorphic to the group of the stable H-equivariant homotopy classes of first order elliptic symbols over Y .
We define a multiplication
G Z) as follows. Let u be a transversally elliptic, G-equivariant symbol over M taking values in Hom (E + , E − ), and let v be a H-equivariant elliptic symbol over Y taking values in Hom (F + , F − ). First, we lift the symbol u to the H × G-equivariant symbol u on P . Let u * v be the standard K-theory multiplication (similar to [1, Lemma 3.4])
Since the action of H × {e} is free, we have
to be the image of u * v in K cpt,G (T * G Z) under the isomorphism above. Given any finite-dimensional unitary virtual H-representation τ on V , we may form the associated G-virtual bundle
We let ind
H (·) denote the virtual representation-valued index as explained in [1] ; note that the result is a finite-dimensional virtual representation if the input is a symbol of an elliptic operator.
Theorem 5.1. Let Z = P × H Y as above, with P a H-bundle over M. Let u be a transversally elliptic, G-equivariant symbol over M taking values in Hom (E + , E − ), and let v be a H-equivariant elliptic symbol over Y taking values in Hom (F + , F − ), so that u and v define classes
Proof. We adopt the argument in [16, 13.6 ] to our situation. Let L be a transversally elliptic, G-equivariant first order operator representing u, and let Q be an elliptic, H-equivariant first-order operator representing v. Let u be the lift of u to a H × G-transversely elliptic symbol over P , and let L be a transversally elliptic, H × G-equivariant first order operator representing u. Next, consider operator product D = L * Q over P × Y , which represents u * v. This operator is H × G equivariant with respect to the action (5.1). Then
Let D and D * be the restrictions of the operators D and D * to sections that are pullbacks of sections over the base Z = P × H Y , i.e. those that are H-invariant. Let τ + denote the H-representation ker Q, and let τ − be the representation ker Q * . By the definition of the H-action in (5.1), the decomposition yields the associated kernels
We next decompose the above as G-representations, and we obtain
The result follows, since u · v = u * v is stably homotopic to the principal symbol of D.
Index of Lifted Dirac operators. Suppose that
is any transversally elliptic, G-equivariant operator with transversally elliptic symbol u ∈ Γ (M, Hom (E
If 1 denotes the trivial O (n) representation over the identity, then let v be any element of the class i! (1) ∈ K cpt,O(n) (T * O (n)) induced from the inclusion of the identity in O (n) via an extension of the Thom isomorphism (see [3] ). Observe that the equivariant index ind O(n) (v) of the elliptic symbol v is equal to one copy of the trivial representation (see axioms of the equivariant index in [3, 13.6] ). By Theorem 5.1, G-equivariant transversally elliptic symbol u · v defines an element of
Thus, the operator D
The result below follows. 
6. Example 6.1. A transversal Dirac operator on the sphere. Let G = S 1 act on S 2 ⊂ R 3 by rotations about the z-axis. Let p : F O → S 2 be the oriented orthonormal frame bundle. We will identify F O with SO (3) by letting the first row denote the point on S 2 and the last two rows denote the framing of the tangent space. We choose the metric on F O to be
The action of S 1 lifted to F O is given by multiplication on the right:
Tangent vectors to F O are elements of the Lie algebra 
We identify the vectors 1 0 and 0 1 ∈ C 2 with the left-invariant fields V 1 and V 2 in Γ (N S 1 ). We assume that the S 1 -action on E is trivial. As in Example 3.3, the transversal Dirac operator is
where ∇ V j is the directional derivative in the direction V j . Since the length of each orbit of the S 1 action is constant, the mean curvature vector is zero. The bundle F O → S 2 is an SO (2) principal bundle and comes equipped with an action of SO (2) on the frames over a point. The left action of
on a frame A ∈ SO (3) is given by
Again, we extend this action trivially to the C 2 bundle. Note that D N F is equivariant with respect to both the above left SO (2) action and the right S 1 action. We choose the standard spherical coordinates x (θ, φ) ∈ S 2 . Let P θ,φ denote parallel transport in the tangent bundle from the north pole along the minimal geodesic connected to x (θ, φ). Then
We parallel transport the standard frame (e 1 , e 2 ) at the north pole to get X θ,φ = P θ,φ e 1 , Y θ,φ = P θ,φ e 2 , and the we rotate by α to get all possible frames. The result is a coordinate chart
A section u is defined to be of irreducible representation type σ n :
Since the action of SO (2) on the fibers of E is trivial, we have
Thus, it suffices to calculate u (θ, φ, 0) = u at U 1 (θ, φ, 0). The lower hemisphere coordinates of the point and vectors would have the opposite third coordinate, and the sign of X θ,φ is reversed in addition to ensure that the frame is oriented. Note that the φ in the lower hemisphere is (π − φ) in the upper hemisphere. Thus the second chart is
One can check that
Thus, the clutching function for the frame bundle is multiplication on the left by e 2θi . Next, suppose that u is a section such that (
. This means in fact that u (θ, φ, α − β) = e inβ u (θ, φ, α) in both charts. Thus we may trivialize the bundle by restricting to (θ, φ, 0) in each chart. We observe
and thus the clutching function for E σn is e 2nθi . One may express the vector fields V 1 , V 2 in terms of the coordinate vector fields ∂ α ,∂ θ , ∂ φ . In the upper hemisphere,
Now we wish to consider the operator
There is a similar formula for √ 2D
2 N F in the lower hemisphere chart. Observe that
We easily check that right multiplication by β ∈ S 1 = R mod 2π on U 1 (θ, φ, α) satisfies
of type σ n (with respect to the fiberwise action of SO (2)) over the upper hemisphere, then
using the upper hemisphere trivialization U 1 (θ, φ, α) and equation (6.1). If we assume that ψ :
σn is a section of type ρ m with respect to the lifted
The analogous calculation in the lower hemisphere chart yields
in the upper hemisphere chart. From the equations (V
Solving this equation, we obtain
This implies that ψ 1 is
in the complex coordinates of the projection of the upper hemisphere to the xy plane. Thus, ψ 1 is smooth in the upper hemisphere only if n ≥ m. Similarly, −(V
Hence, ψ 2 is smooth in the upper hemisphere only if m ≥ n. We need to see if the solutions ψ 1 and ψ 2 extend to solutions over the entire sphere. In the lower hemisphere, we have the equation
Similar computations show that
in the complex coordinates of the projection of the lower hemisphere to the xy plane. Thus, ψ 1 is smooth in the lower hemisphere only if n + m ≤ 0, and ψ 2 is smooth in the lower hemisphere only if m + n ≥ 0. In summary, we seek solutions to √ 2D 
